(1) The vertex x 0 is attached to an even number of odd branches and an odd number of pendant branches. Each vertex x i , for 1 ≤ i ≤ l 1 , is attached to some combination consisting of odd and pendant branches, whereas each vertex x i , for l 1 + 1 ≤ i ≤ l 2 , is attached to some combination consisting of all three types of branches. If l 2 < m, then we have one of the following properties.
Introduction
This section begins with a few definitions followed by a brief survey on graceful lobsters available in the literature. Next we give an outline of the present work. Definition 1.1. A graceful labeling of a tree T with q edges is a bijection f : V(T) → {0, 1, 2, . . . , q} such that {|f (u) − f (v)| : {u, v} is an edge of T} = {1, 2, . . . , q}. A tree which has a graceful labeling is called a graceful tree.
Definition 1.2.
A lobster is a tree having a path from which every vertex has distance at most two.
It is easy to check that a lobster L of diameter at least five has a unique path H = x 0 x 1 . . . (x, y, z) , where x, y, and z represent the number of odd, even, and pendant branches, respectively, incident on x i . We use the symbols e, o, and o * to represent an even number greater than or equal to 2, an odd number, and an odd number greater than or equal to 3, respectively. For example, (e, 0, o) means an even number of odd branches, no even branch, and an odd number of pendant branches, respectively.
In 1979, Bermond [1] conjectured that "all lobsters are graceful" as a special case of the famous and unsolved "the graceful tree conjecture" of Ringel and Kotzig (1964) [2] , which states that "all trees are graceful". Bermond's conjecture is also open and a few classes of lobsters are known to be graceful. Ng [3] , Wang et al. [4] , Chen et al. [5] , Morgan [6] (see [7] ), and Mishra et al. [8] [9] [10] [11] have given graceful labelings to some classes of lobsters. Ng [3] gives graceful labelings to the lobsters in which each vertex of the central path is attached to the centers of exactly two branches and in addition to this each of the vertices x 0 and x m is attached to the center of a pendant branch. Wang et al. [4] and Mishra et al. [8, 9, 11] give graceful labelings to the lobsters having diameter at least five in which the degree of x m is odd and the degree of the rest of the vertices in H are even. Chen et al. [5] give graceful labelings to some classes of lobsters in which the vertices of the central path are attached to the isomorphic copies of at most two different branches. Morgan [6] has proved that all lobsters with perfect matching are graceful. As in [10] , the graceful lobsters in the present work have the property that the degree of x 0 is even and the degrees of some (or all) vertices x i , for 1 ≤ i ≤ m, may be odd. However, in the lobsters of [10] , at most the vertex x 0 is attached to a combination of all three types of branches, whereas in the lobsters of this paper, not only the vertex x 0 but also some (or all)
x i , for 1 ≤ i ≤ m, may exhibit this property. None of the earlier papers cover any graceful lobster with more than one vertex on the central path attached to all three types of branches and the degrees of some (or all) vertices x i , for 1 ≤ i ≤ m, may be odd.
Note that for the lobsters considered in this paper, with 1 ≤ l 1 < l 2 ≤ l 3 < m, a vertex x i , for 0 ≤ i ≤ l 1 , is attached to a combination of odd and pendant branches, whereas a vertex x i , for l 1 + 1 ≤ i ≤ l 2 , is attached to a combination of all three types of branches. If l 2 < m then each vertex x i , for l 2 + 1 ≤ i ≤ l 3 , is attached to any combination of the same two types of branches, and if l 3 < m then each vertex x i , for l 3 + 1 ≤ i ≤ m, is attached to odd (or even) branches.
For a given lobster L with q edges and the central path H = x 0 x 1 x 2 . . . x m , we first construct the graceful tree G(L) as in Fig. 1 and give a graceful labeling to it. Then we get a graceful labeling of L from G(L) by carrying out a sequence of transfers
Preliminaries
Henceforth, we do not distinguish between a vertex and its label unless otherwise mentioned. To prove our results, we need some existing terminologies and results which are discussed in this section. Here we say the component u(T) has been transferred or moved from a to b. This is illustrated in Fig. 2 . Throughout the paper, we write "the component u" instead of writing "the component u(T)". Whenever we wish to refer u as a vertex, we write "the vertex u". By the label of the component "u(T)", we mean the label of the vertex u. 
In a transfer a 1 → a 2 → a 3 → · · · → a n , we call each vertex except a n a vertex of the transfer. Fig. 4(a) by the BD8TF 100 to 2, i.e. the transfer 100
In the present work, we mainly use transfers of the first and second types to obtain graceful lobsters. The following Lemma 2.6 and its proof give the conditions under which these transfers can be used to obtain graceful trees from a given graceful tree. Furthermore, Lemma 2.6 imparts information on the number of components which can be retained while carrying out these transfers. The manner in which we move the components in the transfers of the first and second types in the proof of Lemma 2.6 will be followed throughout the paper. 
Proof. (a)
By the definition of the transfer of the first type, the labels of the components which are transferred to y must be consecutive integers. If the elements of A satisfy (i) (respectively, (ii)), then we keep any odd number of elements, say 2r + 1 elements, from both the ends of A at x consisting of n, n + 1
. . , r − 1) and move the elements from the set of rest of the elements in A, say A 1 , to y. For each z ∈ A 1 , either we have 2z = x + y or there is another (unique) element w in A such that z + w = x + y. Therefore, the new tree thus formed is graceful by Lemma 2.3. (b) Since A contains an even number of elements, p is odd. We keep any even number of elements, say 2r elements, of A at x. If the elements of A satisfy (i) (respectively, (ii)), then the 2r elements that we keep at x are n, n + p+1
). The rest of the components in A are transferred to y. Evidently, the transfer that we have done here is a transfer of second type and the resultant tree thus formed is graceful by Lemma 2.3. Observation 2.7. (a) For any pair of vertex labels x and y in a graceful tree, where x is attached to a set of components A as in Lemma 2.6, whenever we make a transfer x → y of the first type as in Lemma 2.6(a), the set A 1 of components of A that are transferred to y is of the form
Further, by re-pairing the elements of A 1 , we get, for 0 ≤ i ≤ [
Therefore, further if we make a transfer y → x − 1 or y → x + 1, then the set A 1 and the vertices (or labels) y and x − 1 or y and x + 1 satisfy the hypothesis of Lemma 2.6(a).
(b) It is to be noted that the vertices of the sequence of transfers we deal with in this paper has the property "P: for any three consecutive vertices u, v, and w of the sequence of transfers, we have w = u ± 1". Because of this property "P" we can use Lemma 2.6(a) and part (a) of this observation repeatedly, which will be clear in Lemma 2.8.
(c) If x, y, and A are as in (a) and we make a transfer of second type x → y as in Lemma 2.6(b), then the set of components of A transferred to y is divided into two disjoint segments, say A 1 and A 2 , where A 1 and A 2 are of the form
From Lemma 2.6 and Observation 2.7 we get the following result which gives the idea how we make a sequence of transfers of the first and second types which satisfy the property P. 
Lemma 2.8 ([10]). In a graceful labeling f of a tree
], then the following hold. Remark 2.9. We apply a transfer of the first type to retain an odd number of components and a transfer of the second type or a BD8TF to retain an even number of components. The main difference between a BD8TF and a transfer of the second type is that a transfer of the first type may follow a BD8TF, as a result of which we get several graceful lobsters with both odd and even degree vertices on the central path. This fact does not hold for a transfer of the second type, i.e. a transfer of the first type usually does not follow a transfer of the second type. However, there is one restriction for a BD8TF, that is whenever we use a BD8TF, a multiple of four consecutive vertices receive an even number of components.
(a) By making a sequence of transfers of the first type
a → b → a − 1 → b + 1 → a − 2 → b + 2 → · · · → x (respectively, a → b → a + 1 → b − 1 → a + 2 → b − 2 → · · · → x), where x = a − p 1 or b + p 2 (respectively, x = a + r 1 or b − r 2 ),→ b → a − 1 → b + 1 → a − 2 → b + 2 → · · · → x (respectively, a → b → a + 1 → b − 1 → a + 2 → b − 2 → · · · → x), where x = a − p 1 or b + p 2 (respectively, x = a + r 1 or b − r 2 ),
Results
In this section we state our main result in which we give graceful labelings to the lobsters dealt in this paper. Given a lobster L with q edges and the central path H = x 0 x 1 . . . x m , we first construct the tree G(L) as in Fig. 1. For integers s, s , t, with max{s, t} = m, s, t ≥ 1, and 0 ≤ s < min{s, t}, we make the transfer 
We take
(ii) (0, 0, e) (iv) (e, e, 0) (iv) (e, e, 0) 
Proof. Let L be a lobster of type (a) in Table 3 .1. We get a graceful labeling of L if we proceed as per the following steps. If m is even, then 
Furthermore, the elements of
A 0 satisfy a i + a q−m+1−i = f (x 0 ) + f (x 1 ), 1 ≤ i ≤ [ q−m+1 2 ].
We keep
7. Let B tn 1 be the set of vertices of A tn 3 +1 which have been transferred to x tn 1 in step 6. We make a transfer x tn 1 −→ x tn 1 +1 of the first type and bring back all the elements of B tn 1 to x tn 1 +1 . Obviously, the new tree thus formed, say G 5 , is graceful.
For t n
By Observation 2.7(a), the set B tn 1 and the labels of the vertices x tn 1 +1 , x tn 1 +2 satisfy the properties of the set A and the vertices a, b, respectively, of Lemma 2.8. Using Lemma 2.8, we form a graceful tree, say G 6 by carrying out the transfer 4 is the set of vertices of B tn 1 that have come to the vertex x tn 4 +1 . For t n 4 + 1 ≤ i ≤ t n 5 , we choose integers β i , such that 0 ≤ β i and 2β i + 1 < e i . By Observation 2.7, the set B tn 4 and the labels of the vertices x tn 4 +1 , x tn 4 +2 satisfy the properties of the set A and the vertices a, b, respectively, of Lemma 2.8. Next we make the transfer x tn 4 +1 → x tn 4 +2 → · · · → x tn 5 → x tn 5 +1 , where each transfer is a transfer of the first kind and keep 2β i + 1 vertices from B tn 4 at each vertex x i of the transfer. By Lemma 2.8, the resultant tree thus formed, say G 7 is graceful. 5 is the set of vertices of B tn 4 that have come to the vertex x tn 5 +1 after step 9. We make a transfer x tn 5 +1 −→ x tn 5 of the first type and bring back all the elements of B tn 5 to x tn 5 . Now we remove the vertex x m+1 . Obviously, the resultant tree thus formed, say G 8 , is graceful. Let C tn 5 = B tn 5 .
B tn

11. By Observation 2.7(a), the set C tn 5 and the labels of the vertices x tn 5 , x tn 5 −1 satisfy the properties of the set A and the vertices a, b, respectively, of Lemma 2.8. Next we make the transfer x tn 5 → x tn 5 −1 → · · · → x tn 4 +1 → x tn 4 part wise as in step 4, but in the reverse direction, i.e. we first make the transfer x tn 5 → x tn 5 −1 → x tn 5 −2 → · · · → x t n 5 −1 , followed by the transfer x t n 5 −1 → x t n 5 −1 −1 → x t n 5 −1 −2 → · · · → x t n 5 −2 , and so on. For t n 5 −1 + 1 ≤ i ≤ t n 5 , if e i − (2β i + 1) is even, then we have (t n 5 − t n 5 −1 ) ≡ 0 (mod 4), and we make
successive BD8TFs. On the other hand, if e i − (2β i + 1) is odd we make t n 5 − t n 5 −1 successive transfers of the first type to keep e i − (2β i + 1) vertices from C tn 5 at each vertex x i of the transfer. Let C t n 5 −1 be the set of vertices of C tn 5 which come to the vertex x t n 5 −1 after the aforementioned transfer. The resultant tree, say
8 , thus formed is graceful either by Lemma 2.8 as the case may be. By Observation 2.7, the set C t n 5 −1 and the labels of the vertices x t n 5 −1 , x t n 5 −2 satisfy the properties of the set A and vertices a, b, respectively, of Lemma 2.8. Applying Lemma 2.8 and Observation 2.7(a), we can repeat the above process for n 5 − n 4 times and keep e i − (2β i + 1) vertices from C t j at each vertex x i , for t j−1 + 1 ≤ i ≤ t j , n 4 + 1 ≤ j ≤ n 5 , and obtain a graceful tree, say G 9 , where, C t j−1 is obtained from C t j , for n 4 + 1 ≤ j ≤ n 5 , by deleting all those vertices which are retained at x i , with t j−1 + 1 ≤ i ≤ t j . 4 (i.e. C sm 1 ) is the set of vertices of C tn 5 that have come to the vertex x tn 4 (i.e. x sm 1 ) in step 11. By Observation 2.7(a), the set C sm 1 13. The set of vertices that have come to the vertex x 0 in step 12 is C 0 . Next we consider the transfer T r : and y be the (s o +2)th and (s o +3)th vertices, respectively, in the transfer T r . We note that x is the first vertex in the transfer T r incident on x tn 2 . The set C 0 corresponds to the set A and the vertices x 0 and a 1 (respectively, a q−m ) correspond to the vertices a and b, respectively, of Lemma 2.8. We first make the transfer
C tn
where each transfer is a transfer of the first type. In the aforementioned transfer we keep p 0 vertices at x 0 and the desired odd number of elements (depending on the odd branch incident on x j ) from B 0 at each of the remaining vertices of the transfer, and move rest of the vertices of B 0 to x. Let B * 0 denote the set of vertices of B 0 transferred to x. By Lemma 2.8(a), the resultant tree thus formed has the graceful labeling f . Furthermore, by Observation 2.7(a), the set B * 0 and the vertices x, y satisfy the properties of the set A and the vertices a, b, respectively, of Lemma 2.8(e). Finally, we carry out the transfer x → y → · · · → a s , where each transfer is a transfer of the second type and keep the desired even number (depending on the even branch) of elements from B * 0 at each vertex of the transfer. By Lemma 2.8(e), the resultant tree thus formed, i.e. the lobster L, has the graceful labeling f . Example 3.2. Fig. 6 represents a lobster L of type (a) in Table 3 .1. Here q = 427, m = 22, n 1 = 1, n 2 = 3, n 3 = 6, n 4 = 7, n 5 = 10; m 1 = 5; t 1 = 1, t 2 = 5, t 3 = 6, t 4 = 7, t 5 = 11, t 6 = 15, t 7 = 16, t 8 = 17, t 9 = 21, t 10 = m = 22, Here we take α 7 = 0, α 8 = 0, α 9 = 1, α 10 = 0, α 11 = Fig. 8 . The tree G 1 . Fig. 9 . The tree G 2 . Fig. 10 . The tree G 4 . Fig. 11 . The tree G 6 . Fig. 12 . The tree G 7 . Fig. 13 . The tree G 9 . Fig. 14 . The tree G 10 . 1, α 12 = 0, α 13 = 0, α 14 = 1, α 15 = 0,. α 7 = 0, α 8 = 0, α 9 = 1, α 10 = 0, α 11 = 1, α 12 = 0, α 13 = 0, α 14 = 1, α 15 = 0, and β 2 = 0, β 3 = 0, β 4 = 0, β 5 = 0, β 6 = 1, β 17 = 0, β 18 = 0, β 19 = 0, β 20 = 1, β 21 = 0, β 22 = 0. Fig. 7 shows the graceful tree G(L) obtained after step 2. Fig. 8 shows the graceful tree G 1 obtained after step 3. Fig. 9 shows the graceful tree G 2 obtained after step 4. Fig. 10 shows the graceful tree G 4 obtained after step 6. Fig. 11 shows the graceful tree G 6 obtained after step 8. Fig. 12 shows the graceful tree G 7 obtained after step 9. Fig. 13 shows the graceful tree G 9 obtained after step 11. Fig. 14 shows the graceful tree G 10 obtained after step 12. Fig. 15 shows the lobster L with a graceful labeling obtained after step 13.
For lobsters in Table 3 .2, the proof follows if we repeat steps 1 to 3, make a few changes in steps 4 to 12, and repeat step 13 in the proof involving the lobsters of type (a) in Table 3 .1. For lobsters of type (a) we set n 3 = n 5 in steps 4 to 6, set n 3 = n 5 and n 4 = n 3 in steps 7 and 8, and set n 4 = n 3 and n 5 = n 4 in steps 9 to 12. For lobsters of type (b) we set n 3 = n 4 in steps 4, 5, and 6 and set n 3 = n 4 and n 4 = n 3 in steps 7 to 12.
For lobsters of type (a) in Table 3 .3, we repeat steps 1, 2, and 3 and modify steps 4 to 13 in the following manner, in the proof for the lobsters of type (a) in Table 3 .1.
& 5.
Set n 2 = n 3 and n 3 = n 4 and replace o i with o i (or e i ), for, t n 3 + 1 ≤ i ≤ t n 4 , in steps 4 and 5. 6. Set n 3 = n 4 and n 1 = n 3 , and keep 2α i + 1 vertices from A t n 4 +1 at each vertex x i of the transfer in step 6. 7. Let B tn 3 be the set of vertices of A tn 4 +1 which have been transferred to x tn 3 in step 6. For t n 1 + 1 ≤ i ≤ t n 3 , we define r * i as 2 and r * i = e i if t n 2 + 1 ≤ i ≤ t n 3 . Next we set n 5 = n 3 and n 4 = n 1 , replace e i − 2β i − 1 with r * i , C tn j with B tn j , and the notation G 9 with G 5 in step 11. 1 is the set of vertices of B tn 3 which have been transferred to x tn 1 in step 7. We make a transfer x tn 1 −→ x tn 1 +1 of the first type and bring back all the elements of B tn 1 to x tn 1 +1 . Obviously, the resultant tree thus formed, say G 6 , is graceful.
B tn
9. Now consider the transfer x tn 1 +1 → x tn 1 +2 → · · · → x tn 2 → x tn 2 +1 . By Observation 2.7, the set B tn 1 and the labels of the vertices x tn 1 +1 , x tn 1 +2 satisfy the properties of the set A and the vertices a, b, respectively, of Lemma 2.8. We make the transfer Table 3 .3 with a graceful labeling.
x tn 1 +1 → x tn 1 +2 → · · · → x tn 2 → x tn 2 +1 , where each transfer is a transfer of the first type and keep 2β i + 1 vertices from B tn 1 at each vertex x i of the transfer. By Lemma 2.8 the resultant tree thus formed, say G 7 , is graceful.
10. Let C tn 2 be the set of vertices of B tn 1 that have come to the vertex x tn 2 +1 in step 9. Next we make the transfer x tn 2 +1 → x tn 2 and bring back the elements of C tn 2 to x tn 2 . We delete the vertex x m+1 . The resultant tree thus formed, say G 8 , is graceful by Lemma 2.3. 11. By Observation 2.7, the set C sm 1 and the vertices x sm 1 , x sm 1 −1 satisfy the properties of the set A and the vertices a, b of, respectively, Lemma 2.8. Now we make the transfer x sm 1 → x sm 1 −1 → · · · → x 1 → x 0 as we have done in step 12 and get a graceful tree, say G 9 . 12. Repeat step 13 by replacing step 12 with step 11. Example 3.3. Fig. 16 represents a lobster L of type (a) in Table 3 .3. Here q = 359, m = 19, n 1 = 2, n 2 = 5, n 3 = 7, n 4 = 8, m 1 = 3; t 1 = 4, t 2 = 5, t 3 = 6, t 4 = 10, t 5 = 11, t 6 = 13, t 7 = 17, t 8 Here we take α 18 = 0, α 19 = 0, and β 6 = 0, β 7 = 0, β 8 = 1, β 9 = 1, β 10 = 0, β 11 = 0. Fig. 16 shows the lobster L with a graceful labeling obtained after step 12.
Remark 3.4. One can easily check that the lobsters obtained from those in Theorem 3.1 by deleting the combinations incident on the vertices of one or more parts P i , 1 ≤ i ≤ 5 (or 1 ≤ i ≤ 4), are also graceful. This is achieved by affecting minor changes in steps 4 to 12 (respectively, 4 to 11) in the proof involving the lobsters of type (a) in Table 3 .1 (respectively, Table 3 .3).
Remark 3.5. In all the lobsters to which we give graceful labelings in this work, the vertex x m gets the largest label and x m−1 gets the label 0. Therefore we get some more graceful lobsters by attaching a caterpillar to the vertex x m or by attaching a
